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Abstract
Peer-to-peer (P2P) networks are fast emerging as a viable and cost effective alternative for content delivery
on the Internet. By offering rebates to users who share content with others, incentives can be provided to
address the well-documented problem of free riding. A primary value proposition of P2P networks is their
ability to scale well and facilitate fast distribution of digital products. While the fast diffusion of products in
P2P networks has generated substantial interest in P2P, rigorous theoretical studies of the diffusion process
have been in absence. Our paper provides one of the first analytical studies of the diffusion process in P2P
networks. Starting with an analogy between P2P diffusion and epidemic diffusion, we develop a stochastic
diffusion model for flat P2P networks. We find that product diffusion, in P2P networks is likely to follow classic
S-shaped processes. Next, we develop a deterministic approximation that is computationally efficient. The
model allows a content publisher to analyze the diffusion process, evaluate the impact of offering rebates on
product diffusion and also determine the optimal rebate to offer by trading off the reduced margins with the
faster diffusion of the product. Finally, we expand our study to account for generation of multiple requests and
forwarding of requests in P2P networks. The analytical models presented in this paper serve as a starting point
for rigorous modeling and study of content diffusion in P2P networks.
Keywords:  Peer-to-peer networks, P2P, diffusion, content delivery, free riding, rebate policy
Introduction
The last few years have witnessed a tremendous growth of peer-to-peer (P2P) networks. A distributed network may be defined
as a P2P network if the participants share a part of their own resources in addition to consuming them. With P2P, most of the data,
computing power, and software reside on the users' computers, rather than on a centralized server. According to a study by
Websense (Business Journal 2003), the number of P2P file sharing Web pages has increased more than 300 percent in the last
12 months, and there are more than 130 unique peer-to-peer applications, such as KaZaa, Grokster, and others. P2P networks have
evolved beyond music sharing to become marketplaces for users swapping videos, games, software packages, and other digital
content. The Yankee Group indicates that more than 5 billion music files were downloaded from P2P networks in 2002, and game
maker Trymedia claims that more than 5 million video game downloads also occurred in the same year.
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Figure 1.  Altnet Peer Points Manager
Figure 2.  The Interface of Weed Shared Media
Despite the phenomenal success of P2P networks, a number of them have been plagued by legal issues. Napster, one of the earliest
and most successful networks, was brought down through various lawsuits. Many others, such as Kazaa and Morpheus, have faced
legal challenges as well. However, a number of legal P2P networks are also emerging and fast demonstrating themselves as a
viable means of content delivery. For example, a legal version of Napster was recently relaunched. Radio Free Virgin, a division
of the Virgin Group, uses P2P technology to deliver online radio. A number of technologies have also emerged to prevent piracy
in P2P networks. Recording Industry Association of America (RIAA) has proposed a form of digital encryption for music
(Johnston 2000). Microsoft and Universal Music Group have also developed a file format to address piracy (Borland 2003a). As
these technologies are evolving, P2P networks are fast emerging as a viable and efficient paradigm for content delivery. Compared
to the high cost of setting up centralized infrastructure, P2P allows a content publisher to efficiently distribute content at low cost.
Another well-documented problem in P2P net-
works is that of free riding. Adar and Huberman
(2000) and Asvanund et al. (2004) found a
substantial amount of free riding in the Gnutella
P2P network. One suggested and often-used
approach to address free riding is to reward
users for sharing their content. For example, a
user providing more content to the network is
also allowed to download more content from
other users within the same network. In com-
mercial P2P networks, where the user pays for
content, content providers may give discounts
or other forms of payment to users who share
their content with the rest of the network. For
example Altnet, a P2P search monetizing firm,
pays users on the Kazaa network who agree to
join Altnet as distribution points (referred to as
seeds in this paper). In return for hosting
content as nodes in a new peer-to-peer network,
these users receive payment such as frequent-
flier miles, free hotel stays or other similar items (Borland 2003b).  Figure 1 shows the interface of Altnet Peer Points Manager,
the software used to provide digital content to other peers and earn points from Alnet for sharing files. 
Shared Media Licensing Inc. is another firm
that compensates users for hosting and
distributing content. Their product, a soft-
ware application called Weed (Figure 2), can
convert windows media files like music or
video to so-called “Weedified” files, which a
user can play three times before deciding to
buy. Once a user purchases it, 50 percent of
the price goes to the original artist, 20 per-
cent goes to the user who distributes the
content, 10 percent and 5 percent go to the
two upstream suppliers of the content, and
the final 15 percent is retained by the firm
(Weedshare.com 2004). The distribution of
Weedified files can be achieved by e-mail,
FTP, etc and need not necessarily involve
P2P software. Even though file sharing is not
necessarily based on P2P software, the
distribution network is a generalized P2P
network.
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Table 1.  The Analogy of File Transfer in P2P and Disease Transmission
EPIDEMIOLOGY P2P DIFFUSION
Total population Total number of nodes
Number of susceptibles Number of needing nodes
Number of infectious individual Number of seeds
Average contact rate Average request rate
While the use of P2P networks for content delivery is growing rapidly, rigorous analytical study of this new business model is
still limited. Specifically, studies of product diffusion in a P2P network and the impact of rebates on the diffusion process are
limited. Although literature about Internet diffusion abounds, few studies address the issue in the context of P2P networks.
Previous studies have analyzed diffusion in other contexts (such as Internet diffusion) using empirical methods or simulations
(Bazar and Boalch 1997; Dutta and Roy 2003). The diffusion process in P2P networks lends itself to a thorough analytical study.
While distribution of digital products in a P2P network is relatively new, there is a rich stream of literature that has studied product
diffusion as well as diffusion in fields such as physics, chemistry, and epidemiology. In fact, diffusion in a P2P network is in many
ways similar to the spread of diseases in epidemiological studies (Diekmann and Heesterbeck 2000). Broadly speaking, when a
needing node (we refer to a node seeking content as the needing node) seeks content in a P2P network, a request is sent out to
other nodes in the network. Once a seed (node that shares the desired resource) is found, a connection is set up between the
needing node and the seed, and file transfer is completed. Similarly, in the spread of disease, an infected individual makes contact
with people around her and disease transmission occurs once a susceptible individual is contacted. An analogy of P2P diffusion
and the epidemiological process is shown in Table 1. 
Despite the many similarities, diffusion in a P2P network also has many unique features. One major difference is that the epidemic
contact occurs in a semi-random manner, while the search in a P2P network is not. To reduce the level of query flooding, many
P2P applications adopt a hierarchical structure, which makes search less random. Another difference is that in P2P diffusion, the
needing node, which is equivalent to the susceptible agent in disease transmission, initiates the contact. In contrast, the susceptible
agent typically receives a disease passively. From a modeling perspective, as long as the contact is made between two individuals,
it does not matter who is the initiator. In fact, epidemiological models are widely used in research in computer networking. Khelil
et al. (2002) use an epidemiological model to analyze the information diffusion process in mobile ad hoc networks, while Kephart
and White (1991) study the spread of computer viruses based on directed-graph epidemiological models.
Using rebates to speedup the diffusion process is another unique aspect of distribution in P2P networks. Since the diffusion
process relies heavily on the availability of seeds in the network, the willingness of nodes to share their resources is a key factor
in P2P diffusion. By offering a rebate to those nodes that share their resources, the incentives of individual nodes and the content
publisher are better aligned. More interestingly, by adjusting the amount of rebate, the diffusion process can be accurately
controlled, which is especially important when the product’s utility to consumers decreases over time (for example, the demand
for a typical song or movie will decrease substantially a few weeks after its release). 
An important aspect of the study of product or content diffusion in P2P networks is the network architecture. While the content
in P2P networks is always distributed, the catalog may be completely centralized, completely decentralized (or flat), or
hierarchical (Asvanund et al. 2004). Networks like Napster maintained a single central catalog and search requests were forwarded
to the central server. Gnutella version 0.4 is completely decentralized with each node maintaining its own catalog and responding
to search queries. Gnutella version 0.6 and Kazaa use a hybrid approach wherein nodes connect to supernodes that are in turn
connected to each other. 
The remainder of this paper is organized as follows.  In the next section, starting with existing epidemiological models, an
analytical model is developed to capture the dynamic characteristics of diffusion in a flat structure P2P network. The stochastic
model is computationally complex and is approximated by a deterministic model in the following section.  We then expand our
analysis to study diffusion with richer and more realistic specifications of search in P2P networks, namely diffusion with multi-
requesting/forwarding. The final concludes this study, and discusses future work.
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Diffusion in a Flat Structure P2P Network
In this section, we begin with the simplest network configuration. Consider a firm distributing a song (or any other digital product)
in a P2P network. The P2P network is assumed to have a flat structure, which means that there is no super-node that can provide
an indexing service for other nodes. There are totally N nodes in the network. The nodes that are in need for the music are called
needing nodes, while the nodes that have the music already are called satisfied nodes. The nodes that have the music and are
willing to share it with others are called seeds. Note that a satisfied node does not have to be a seed, but a seed must be a satisfied
node first. The average number of requests per unit time per individual, $, reflects the demand for the product in the network.
Since the network is flat and has no indexing server, whenever a needing node wants the music, a request is generated and sent
to another node in the network randomly. If the request hits a seed, the music will be transferred to the needing node, and it
becomes a satisfied node. Otherwise, the request fails and the status of the needing node remains unchanged. We assume here
that the needing node generates one request only, but that assumption will be relaxed in the multi-requesting and forwarding
diffusion section.
Whenever a seed provides a copy of the song to a needing node, it gets a rebate of r from the content publisher. Without loss of
generality, we assume that, within the total population, a fraction " are always willing to be seeds (given that they have the music)
even if there is no compensation for doing so. These nodes are called unselfish nodes. The rest of the population are supposed
to be rational (i.e., they will not be a seed unless the expected benefit is greater than or equal to the cost of being a seed, which
is assumed to be uniformly distributed in [0, C] across the rational population). There is empirical evidence for the presence of
both unselfish nodes and rational nodes in P2P networks.
In large P2P networks, it usually takes a fairly long time for a digital product to be distributed to a large fraction of the potential
market. Compared to this duration, the queuing effects and transmission delays caused by network congestion, request
aggregation, and processing delays are negligible. For the same reason, we do not consider network distance in our models either.
Table 2.  Glossary of Terms
t Time horizon
r(t) Rebate per sale offered by the company
N Total number of nodes in the network
Q(t) Number of satisfied nodes, Q(0) > 0; q = Q / N
S(t) Number of seeds, S(0) > 0; s = S / N
" Fraction of unselfish nodes
$ Average number of requests per unit of time per individual
C The upper bound of the cost of being a seed per unit of time
Stochastic Analysis
We first model the diffusion process in a flat structure P2P network as a stochastic process, in which the probability of having
Q satisfied nodes in the system at time t is represented as p(Q, t), and the expected number of satisfied nodes and its variance can
be easily computed by appropriate sums over the p(Q, t). Assuming no more than one transition can occur in an infinitesimal
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where Q– = Q – 1, Q+ = Q + 1, and Ra6b denotes the rate at which transitions occur from state a to state b, which can be
approximated as described below.
The rate at which a needing node gets a copy of the product is simply the number of needing nodes, (N – Q), times the average
request rate, $, times the availability of the seeds, S/N.1  Assuming that the events of getting copies are independent, we obtain
(2)ββ )1(/)( qSNQNSR QQ −=−=+→
As mentioned previously, there are two types of seeds:  the unselfish nodes, which are always willing to share, and the rational
nodes that will not do so unless the expected benefit is greater than or equal to the cost of being a seed. We assume that the firm
is unable to price discriminate (i.e., the unselfish nodes also get the rebate even though they would share nonetheless). A rational
node will be a seed if c # r(t)$(N – Q(t))/N = r$(1 – q) = cT, where c is the cost per unit of time for a node to be a seed. The right
hand side of the equation, cT, the threshold cost of being a seed, is also the average benefit of being a seed when there are Q
satisfied nodes in the network. Assuming that the cost per unit of time of being a seed is uniformly distributed across the













Considering the large size of the population, it is reasonable to assume that the upper bound of sharing cost, C, is high enough
such that C > r$(1 – q) always holds. That is, there is at least one individual who would rationally not share content. Thus, we
focus on the more interesting case where S < Q in following analysis. Within S, the first part, "Q represents the number of
unselfish nodes, while the second part refers to the number of rational nodes that will share. It is easy to see that when there is
no rebate, i.e. r = 0, the diffusion will solely rely on the goodwill of the unselfish nodes. 
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2This general result only holds when G(k) – G(j) … 0. When G(k) – G(j) = 0, it should be treated as a special case and has no general form.





















with the initial condition of p(1, 0) = 1, and p(Q, 0) = 0 for 1 < Q # N. Solving the above set of differential equations we get2
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where , which is also the transition rate of the system. Given these+→=−−+−= QQRCiNiriNiiG /)1()/1()/1()(
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With these analytical results, we can compare product diffusion for different values of r. As expected, the rebate gives rational
nodes incentives to be seeds and share their resource with others. The diffusion process speeds up as r increases. Numerical results
are shown in Figure 3 for the case where N = 50, Q(0) = 1, C = 50, " = 0.05, $ = 2, and r = (0, 0.2, 0.4, 0.8, 1). Despite the unique
characteristics of P2P network, the diffusion process in P2P network demonstrates a classic S-shape diffusion curve. At the
beginning, even though the request level is high, the diffusion is slow because the availability of seeds is low. As the number of
seeds increases, the diffusion process gets faster and faster, until the system reaches a threshold where the lack of needing nodes
dominates the system and the diffusion begins to slow down. This is also evident in Figure 4, which shows that the transition rate,
G(i), increases initially and gets saturated once there are sufficient number of satisfied nodes. The transition rate also increases
with the rebate r.
The stochastic model presented in this section effectively captures the system characteristics of diffusion in a flat structure P2P
network. It provides a useful tool for network design and computing rebate policies. However, in terms of computational
efficiency, it takes O(N3) time to calculate the expected number of satisfied nodes. As the number of nodes in the network
increases, the computational complexity increases dramatically, making it infeasible for practical use. In the following section,
we develop a computationally simpler deterministic model as an approximation of the stochastic model.
Deterministic Analysis
In epidemiology and other research fields, it is often the case that a deterministic analysis can provide a reasonably accurate
picture of many aspects of the dynamics of the diffusion process (Bailey 1975; Waltman 1974). Andersson and Britton (2000)
show that, when the population is large, a stochastic epidemic model converges to a deterministic model. The simulation results
in Khelil et al. (2002) confirm that the deterministic epidemiological model accurately captures the characteristics of diffusion
of an information entity in a mobile ad hoc network (MANET).
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Figure 3.  Diffusion Process Under
Different Value of r
Figure 4.  Comparison of Transition Rate for
Different Value of r
Given the same system configuration as in the stochastic analysis, the average rate at which needing nodes become satisfied nodes
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where  and  B = "$.CrA /)1(2 αβ −=
Equation (10) captures the features of P2P diffusion in a deterministic fashion, and equation (11) can be used to predict the time
when product penetration reaches a certain level. As a special case, when there is no rebate (i.e. r = 0, therefore A = 0), we get
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Figure 5.  Comparison between Deterministic
Model and Stochastic Model
Figure 6.  Relative Discrepancy between










This represents the case where the diffusion process is driven by the unselfish nodes only. Equation (12) is similar in form to the
diffusion model in Khelil et al. (2002).
With a much simpler specification, the deterministic model can be a good approximation of the stochastic model. A comparison
between them is shown in Figure 5 for N = 50, Q(0) = 1, C = 20, " = 0.05, $ = 2, and r = 0.4. The agreement between the deter-
ministic model and stochastic models is quite good, except for a small difference in the middle of the process, where the diffusion
starts to saturate. Figure 6 shows the relative discrepancy3 between them. The average value is only 2.69 percent and the maximum
value is less than 12 percent.
With the simpler deterministic model, the impact of the rebate on the diffusion process can be shown with ease. For a given value
of q (product penetration), the relationship between r and t is shown in Figure 7, where q = 0.5, N = 50, Q(0) = 1, C = 20, " = 0.05,
$ = 2, and r varies from 0 to 4. It clearly shows that, by offering a larger rebate, the firm can significantly reduce the time to
achieve 50 percent penetration. However, since the marginal benefit of r is decreasing, there must be an optimal rebate level, r*,
for a given firm with certain marketing objectives and other constraints.
Figure 7. Impact of r on the Duration to Achieve 50 Percent Penetration
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Diffusion with Multi-Requesting and Forwarding
While the analytical models are derived and theoretically perform well in capturing the basic characteristics of P2P diffusion
process, the structure and search mechanism in real-world P2P networks are far more complex. In many P2P networks, a needing
node will send out more than one request simultaneously to other nodes. If the request cannot be satisfied locally by a node to
which the request was sent, it forwards the request to other nodes in the network and thus the request propagates within the P2P
network. Usually there are limits to the number of simultaneous requests and the number of hops for any request to ensure that
the search will not go on indefinitely. For example, in Gnutella, a needing node will query 7 of its neighbors. If these nodes do
not have the file, they contact 7 of their neighbors, and so on until the maximum hop count of 10 is reached (Ross and Rubenstein
2003). In this section, we expand our analysis to more general cases, and provide a first order approximation for practical use.
The approximation is numerically shown to perform well.
Consider a P2P network that is slightly different from the one we described earlier. In this network, whenever a needing node
wants a file, k requests will be generated and sent to k other nodes in the network randomly. If any of the requests hits a seed, the
needing node is satisfied and the request process stops. Otherwise, each of the requested nodes forwards the request to another
unique node. The maximum number of hops is l. In the worst case, the request will have to go to totally kl nodes. The search fails
only if all the kl nodes are not seeds.
The time dynamic of Q is given by


















dQ 11)(β ( )klsq
dt
dq )1(1)1( −−−= β
where the average rate at which the needing nodes get copies, as given on the right side, is a product of the average request rate,
the number of needing nodes, and the probability that there is at least one seed among the kl nodes. The value of s is determined
by solving the condition of being a seed (i.e. s = "q + (1 – ")qcT / C), where the threshold cost is
( ) ssqrs
dt
dqrc klT /)1(1)1(/ −−−== β
Plugging this into the condition of being a seed, we get
(14)( )klsq
sC
qrqs )1(1)1)(1( −−−−+= αβα
Here we do not consider the delay caused by processing and forwarding queries, because, as explained earlier, they are negligible
compared to the duration of the diffusion.
Since kl can be easily greater than 5, analytically solving s from (14), a high order polynomial equation, is not likely to be easy.
However, a good approximation should exist, because when C is large, s will be relatively small during the whole diffusion
process. Therefore, (13) can be approximated by first-order4 Taylor expansion about point s = 0,
(15) sqklsosqkl
dt
dq )1()()1( −≈+−= ββ
From (15) we can see that, essentially, the diffusion process with multi-requesting and forwarding is approximately equivalent
to the diffusion process without them but with a higher average request rate of $' = kl$. This is especially true when C is large
and kl is small (which implies s will be close to zero). Therefore, all of the results in previous deterministic analysis will hold by
simply replacing $ with kl$. A comparison for kl = 2 and kl = 3 is shown in Figure 8, where N = 50, Q(0) = 1, C = 50, " = 0.05,
$ = 2, and r = 0.4. Figure 9 shows that the relative discrepancy (percentage difference) in each case is small.
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Figure 8.  Comparison between the Actual
Value and First-Order Approximation
Figure 9.  Relative Discrepancy between the
Actual Value and First-Order Approximation
Conclusions and Future Directions
In this paper, we present an analytical study of digital product distribution in P2P networks. By borrowing ideas from epidemic
diffusion theory, we conducted stochastic analysis of diffusion under the simplest network configuration, namely flat network
topology with single request. The stochastic model shows that, despite the uniqueness of P2P networks, the diffusion process
follows the classic S-shape diffusion curve. The model also shows that rebates are very effective in speeding the diffusion process.
Since the stochastic model is computationally inefficient, we also develop a simpler, yet reasonably accurate, deterministic model
that captures all of the key characteristics of the diffusion process. Applying the deterministic model, we show quantitatively the
relationship between the amount of rebate and the time taken to achieve a desired level of market penetration. The result shows
that, although a rebate can significantly reduce the diffusion duration, the marginal benefit of offering it is decreasing. This implies
that, for any firm with certain marketing objectives and other constraints, there must be an optimal rebate level, r*, that maximizes
the net profit. In the previous section, we expanded our model to a general case that each needing node randomly sends out
multiple requests and each request can be forwarded over multi-hops. We showed that a first order approximation performs
satisfactorily. 
Our research represents one of the first attempts to theoretically model diffusion in P2P networks. It provides content publishers
with an effective tool to predict product diffusion and determine appropriate rebating policies. In addition, it represents a novel
application of epidemiological diffusion models to a network setting. As P2P networks become an increasingly appealing choice
for content distribution, modeling product diffusion in these networks will be increasingly important as well.
Our research opens a number of other avenues for future research. For example, in our models, we do not model a detailed P2P
network configuration. Detailed modeling of the search process in various P2P network configurations will further add richness
to our analysis. We intend to proceed in this direction. Another future direction is to model the diffusion processes in P2P
networks that have hierarchical topologies. Determining the optimal rebating policy for a content publisher is also an interesting
problem. There is a trade-off between offering a high rebate to increase market share and reducing margins from doing so. We
are currently applying the models to determine optimal rebating policies for content publishers. Other applications could be in
comparing the social welfare differential between centralized distribution and distribution in P2P networks. 
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